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ABSTRACT
Linear and circular polarizations of gamma-ray bursts (GRBs) have been de-
tected during recent years. We adopt a simplified model to investigate GRB
polarization characteristics in this paper. A compressed two-dimensional turbu-
lent slab containing stochastic magnetic fields is considered, and jitter radiation
can produce the linear polarization under this special magnetic field topology.
Turbulent Faraday rotation measure (RM) of this slab makes strong wavelength-
dependent depolarization. The jitter photons can also scatter with those mag-
netic clumps inside the turbulent slab, and a nonzero variance of the Stokes
parameter V can be generated. Furthermore, the linearly and circularly polar-
ized photons in the optical and radio bands may suffer heavy absorptions from
the slab. Thus we consider the polarized jitter radiation transfer processes. Fi-
nally, we compare our model results with the optical detections of GRB 091018,
GRB 121024A, and GRB 131030A. We suggest simultaneous observations of
GRB multi-wavelength polarization in the future.
Subject headings: gamma ray burst: general — radiation mechanisms: non-
thermal — shock waves — turbulence
1. Introduction
Polarization measurements of gamma-ray bursts (GRBs) have been performed during
recent years. Linear polarization of GRB prompt emissions can be detected in the high-
energy band, and large polarization degrees are given. GRB 021206 with 80% polarization
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degree was obtained by RHESSI (Coburn & Boggs 2003). From the INTEGRAL observation,
GRB 041219A polarization has 98% degrees measured by Kalemci et al. (2007) and 63%
degrees measured by McGlynn et al. (2007). The GRB polarimeter onboard IKAROS had
the polarization detections for three GRBs. The polarization degree of GRB 100826A is
27% (Yonetoku et al. 2011). High polarization degrees of 70% for GRB 110301A and 84%
for GRB 110721A were also reported (Yonetoku et al. 2012). We note that GRBs also emit
polarization photons in the optical band. The linear polarization upper limits of GRB 990123
(2.3% degree), GRB 060418 (8% degree), and GRB 110205A (16% degree) were obtained
(Hjorth et al. 1999; Mundell et al. 2007; Cucchiara et al. 2011). The early-time linear
polarizations of GRB 090102 (10% degree), GRB 091208B (10.4% degree), GRB 131030A
(2% degree), and GRB 150301B (8% degree) were detected by Steele et al. (2009), Uehara
et al. (2012), King et al. (2014), and Gorbovskoy et al. (2016), respectively. The late-time
linear polarizations of GRB 990510 (1.7% degree; see Covino et al. 1999 and Wijers et
al. 1999) and GRB 020405 (9.9% degree, see Bersier et al. 2003) were confirmed as well.
Moreover, the temporal variability of the linear polarization was found in GRB 990712 (Rol
et al. 2000), GRB 021004 (Rol et al. 2003), GRB 030329 (Greiner et al. 2003), GRB 091018
(Wiersema et al. 2012), and GRB 120308A (Mundell et al. 2003). Recently, both the circular
polarization (0.6% degree) and the linear polarization (4% degree) of GRB 121024A were
successfully achieved (Wiersema et al. 2014).
Synchrotron radiation, which is the emission of relativistic electrons in a large-scale
magnetic field, is often applied as one popular mechanism to explain GRB polarization. The
linear polarization degree is generally calculated by Πl = (3pe + 3)/(3pe + 7), where pe is the
power-law index of a given electron energy spectrum (Westford 1959; Rybicki & Lightman
1979). We obtain Πl = 71% when pe = 2.2. A more complicated consideration with GRB
afterglow hydrodynamics was given by Lan et al. (2016). The Compton scattering process
may also produce the GRB polarization (Chang et al. 2014). The circular polarization
can be intrinsically generated by the synchrotron mechanism. The degree is small, and
it is proportional to 1/γ, where γ is the Lorentz factor of a relativistic electron (Legg &
Westfold 1968; Nava et al. 2015; However see de Bu´rca & Sheare 2015). Several additional
issues have been concerned. First, the high-degree linear polarization may be interpreted
by the synchrotron radiation inside a structured GRB jet (Granot 2003; Rossi et al. 2004).
The jet structure was also applied to explain the low-degree polarization detected in the
optical band (Ghisellini & Lazzati 1999). Second, because of the Faraday rotation, the
depolarization effect as a function of observational wavelength should be considered (Burn
1966). One may expect that long-wavelength photons have the low-degree polarization.
Third, if the emission photons pass through a dense plasma environment, one may solve
the radiation transfer equation to obtain the Stokes parameters (Sazonov & Tsytovich 1968;
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Sazonov 1969a,b; Jones & O’Dell 1977; Matsumiya & Ioka 2003; Toma et al. 2008). Fourth,
if we propose the emissions in some magnetic patches, the net linear polarization degree is
1/
√
N times of the original one, where N is the patch number (Gruzinov & Waxman 1999);
This leads us to consider other physical processes related to tangled magnetic fields.
Turbulent plasma can produce the Faraday rotation and make some depolarization ef-
fects. The stochastic Faraday rotation and the polarization features have been explored, and
the bandwidth depolarization effect presented by Π ∝ exp(−λ4) is extremely strong (Simon-
etti et al. 1984; Melrose 1993a,b; Melrose & Macquart 1998). If the structure function of the
Faraday RM has a turbulent cascade, the polarization turns to drop as Π ∝ λ−4/ζp , where ζp
is the index of a given turbulent energy spectrum (Tribble 1991). Furthermore, some weak
signals of circular polarization can be produced by this turbulent plasma screen. Macquart
& Melrose (2000a) proposed a nonzero variance of the Stokes parameter V , and 〈V 2〉 ∝ 〈I〉2
was given. The astrophysical scenario is the following (Macquart & Melrose 2000b): the
turbulent plasma screen can be treated as a birefringence, and the random refractions make
up the left-side and right-side circularly polarized shock fronts. The random pattern of one
wave front is slightly different from the other, such that the circular polarization occurs.
The turbulent screen contains many random and small-scale magnetic elements, and
relativistic electrons in this screen have emissions. Jitter radiation, which is the radiation
of the relativistic electrons in the random and small-scale magnetic fields (Medvedev 2000,
2006; Sironi & Spitkovsky 2009; Frederiksen et al. 2010; Kelner et al. 2013), is an appropriate
radiation mechanism to study the stochastic polarization. In our former works, we proposed
that the turbulence is originated from the random and small-scale magnetic fields, and
this assumption was realized by hydrodynamic simulations (Schekochihin et al. 2004). We
applied the jitter radiation to reproduce the GRB prompt emission (Mao & Wang 2011). We
utilized the jitter self-Compton scattering and obtained the GRB emission in the GeV-band
(Mao & Wang 2012). In particular, we adopted the jitter radiation to reproduce the GRB
prompt polarization in the high-energy band (Mao & Wang 2013). The stochastic magnetic
fields have random distribution, such that the relativistic electrons have same Lorentz force
on average from different directions. Thus the jitter radiation is highly symmetric in the
electron radiative plane. The net polarization degree should be zero. However, in our work,
we proposed that the relativistic shocks compress a three-dimensional magnetic cube into
a two-dimensional slab. Although the magnetic fields in the two-dimensional slab have
random distribution, this slab provides a certain asymmetric configuration (Laing 1980,
2002). Therefore we may detect the highly polarized jitter radiation.
We further study the depolarization properties and the circular polarization features
using jitter radiation in this work. This is a consequent paper from our former studies. We
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illustrate our model in Figure 1. Several self-consistent physical processes are included in
our model. Turbulence is produced behind GRB shock front. The turbulence is originated
from the random and small-scale magnetic fields. Jitter radiation spectrum is dominated
by the turbulent energy spectrum. A three-dimensional turbulent cube is compressed into
a two-dimensional slab by the relativistic shocks. With this certain magnetic field topology
(Laing 1980, 2002), intrinsic Stokes parameters can be simplified. The Faraday RM can
be structured by a turbulent cascade (Tribble 1991), and we can further determine the
depolarization properties. The jitter photons may also scatter with those turbulent magnetic
clumps inside the slab, and this turbulent slab can be treated as a birefringence. Thus the
stochastic circular polarization can also be produced (Macquart & Melrose 2000a,b). In the
optical band, these linearly and circularly polarized photons can be strongly absorbed by
the dense medium inside the slab. Finally, the realistic Stokes parameters are obtained by
solving the polarized radiation transfer equation.
We present a brief review of jitter radiation and turbulent property in Section 2.1. In the
case of the special magnetic field configuration, the jitter polarization properties are given in
Section 2.2. The wavelength-dependent depolarization is shown in Section 2.3. The circular
polarization produced by the turbulent slab is estimated in Section 2.4. The solutions of
the polarized radiation transfer equation are written in Section 2.5. In Section 3, we select
three GRB cases with the optical polarization measurements and compare those observations
with our modeling results. We summarize our results and present some discussion issues in
Section 4.
2. Polarization Processes
The jitter radiation and the stochastic magnetic fields for the explanation of GRB
high-energy emissions have been studied in our former works (Mao & Wang 2011, 2012,
2013). These issues are reviewed in Section 2.1. The wavelength-dependent depolarization
can be measured by the Faraday turbulent RM. The estimation of the turbulent circular
polarization variance can be linked to the GRB fireball Lorentz factor and the Lorenz factor
of the turbulent eddy. The solution of the radiation transfer equation provides the realistic
Stokes parameters, which can be compared with some observational results in the optical
band. During our calculations, we neglect the polarization contribution of the interstellar
medium in our Galaxy (Serkowski et al. 1975; Martin & Whittet 1990).
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2.1. Jitter Radiation with Turbulent Feature
The relativistic electron radiation in the small-scale magnetic fields was initially men-
tioned by Landau & Lifshitz (1971). Here, we follow the procedure given by Mao & Wang
(2011), and we write the jitter radiation intensity (energy per unit frequency per unit time)
of a single relativistic electron as
Iω =
e4
m2c3γ2
∫ ∞
1/2γ2∗
d(
ω′
ω
)(
ω
ω′
)2(1− ω
ω′γ2∗
+
ω2
2ω′2γ4∗
)
∫
dq0dqδ(w
′ − q0 + qv)K(q)δ[q0 − q0(q)],
(1)
where γ−2∗ = (γ
−2 + ω2pe/ω
2), ω′ = (ω/2)(γ−2 + θ2 + ω2pe/ω
2), ωpe = (4pie
2n/Γshme)
1/2 is
the plasma frequency, Γsh is the bulk Lorentz factor of the shock, θ ∼ 1/γ is defined as the
angle between the electron velocity and the radiation direction, and γ is the electron Lorentz
factor. The dispersion relation of q0 = q0(q) is in the fluid field, q is the wavenumber of the
disturbed fluid field, q0 is the frequency of the disturbed fluid field, v is the electron velocity
from the perturbation theory, and we use the relation of ω′ = q0 − qv to link the radiation
field to the fluid field. The dispersion relation of the relativistic collisionless shocks was given
by Milosavljevic´ et al. (2006), and we further obtain q0 = cq[1 +
√
1 + 4ω2pe/γc
2q2/2]1/2.
The stochastic magnetic field 〈B(q)〉 generated by the turbulent cascade can be given
by K(q) ∼ 〈B2(q)〉 ∼ ∫∞
q
F (q′)dq′, where F (q) ∝ q−ζp . The number of q is within the range
of qν < q < qη. The parameter qν is linked to the turbulent viscosity, and the parameter
qη is related to the resistive transfer. Although the magnetic energy strongly increases in
the length scale of qν < q < qη, it is reasonable that we use the length scale of lν as the
typical scale for the magnetic field generation (Schekochihin & Cowley 2007). Thus the
magnetic field can be 〈B〉 ∼ q(1−ζp)/2ν /
√
ζp − 1. Through the turbulent cascade processes,
the turbulent energy shows a hierarchical fluctuation structure, and the inertial-range scaling
laws of the fully developed turbulence were presented as ζp = p/9 + 2[1 − (2/3)p/3] (She &
Leveque 1994; She & Waymire 1995), where the energy spectrum index ζp of the turbulent
field is related to the cascade process number p. The Kolmogorov turbulent spectrum index
is presented as ζp = p/3. Therefore we solve Equation (1) and obtain the radiation property
Iω ∝ ω−(ζp−1). We emphasize that the spectral index ζp− 1 of this simplified jitter radiation
is related to the fluid turbulence.
2.2. Intrinsic Linear Polarization
The polarization processes presented in this subsection have been fully studied by Mao
& Wang (2013). Here we simply write some major results. By the relativistic shocks, a three-
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dimensional cube is compressed into a two-dimensional slab. The slab contains the small-
scale magnetic fields, and the magnetic fields are stochastic (Laing 1980, 2002). The magnetic
field vector at any point in the slab plane is described as B = B0(cosφ sin θB, sinφ, cosφ cos θB),
where θB is defined as the angle between the slab plane and the line-of-sight (see Figure 1),
and φ is the azimuthal angle in the slab plane.
The position angle of the E-vector χ is cos 2χ = −(sin2 θB − tan2 φ)/(sin2 θB + tan2 φ).
Thus the magnetic field for the radiation is B = B0(cos
2 φ sin2 θB + sin
2 φ)1/2. The acceler-
ation term related to the jitter radiation is proportional to B2. We take this magnetic field
topology to calculate the decomposition of the jitter radiation on the electron radiation plane,
and we finally obtain the polarization degree. We orientate the slab to the case that the E-
vector of the polarized radiation has the position angle of zero degrees. Thus we obtain the
Stokes parameter U = 0. The left-side circular polarization can exactly cancel out the right-
side circular polarization. Then, we have V = 0 (see Appendix A of Mao & Wang (2013) for
the detailed calculation). Thus, the Stokes parameters of the single electron jitter radiation
are I = C
∫ 2pi
0
(cos2 φ sin2 θB+sin
2 φ)dφ, and Q = Icos2χ = −C ∫ 2pi
0
(cos2 φ sin2 θB−sin2 φ)dφ,
where C = C(γ,B0). With a certain electron energy distribution Ne(γ), we obtain the Stokes
parameters from the jitter radiation of total electrons as
I0 =
∫ γ2
γ1
C(γ,B0)Ne(γ)dγ
∫ 2pi
0
(cos2 φ sin2 θB + sin
2 φ)dφ, (2)
Q0 = −
∫ γ2
γ1
C(γ,B0)Ne(γ)dγ
∫ 2pi
0
(cos2 φ sin2 θB − sin2 φ)dφ, (3)
U0 = 0, (4)
and
V0 = 0. (5)
The linear polarization degree of the jitter emission is
Πl,0 =
Q0
I0
= −
∫ 2pi
0
(cos2 φ sin2 θB − sin2 φ)dφ∫ 2pi
0
(cos2 φ sin2 θB + sin
2 φ)dφ
. (6)
The magnetic field configuration is a key point to determine the jitter polarization in our
model. Therefore the jitter polarization degree is tightly related to θB. Here we do not
consider the coherence of the turbulent magnetic field (Prosekin et al. 2016).
2.3. Wavelength-dependent Depolarization
The two-dimensional turbulent slab where the emission at wavelength λ has the Faraday
RM and makes an effective depolarization. This depolarization is wavelength-dependent. In
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this work, we adopt the results given by Tribble (1991). The detailed presentation is listed
in Appendix A. Here we consider the slab, which has the turbulent feature with a structure
of
D(s) = 2σ2(s/r1)
ζp , (7)
where r1 ∼ 1/qν is the outer scale of the turbulence, σ is the dispersion of a Gaussian-
distributed random field RM, and ζp is the index of a turbulent spectrum. This structure
function represents the stochastic magnetic field due to the turbulent cascade. After the
calculations presented in Appendix A, we obtain the polarization, which is related to the
observational wavelength λ as
Π(λ) = Π0(
λ
λ0
)−4/ζp . (8)
Compared with the expression Π(λ) ∝ exp(−λ4) given by Burn (1966), the depolarization
presented in Equation (8) has a much slower fall-off. Here we do not make a simple tautology
of Tribble (1991). We point out in this work that the jitter depolarization feature is directly
related to the turbulent energy spectrum and the jitter radiation spectrum. Because this
depolarization feature takes effect on the long-wavelength observations, we expect the optical
and radio depolarization measurements in the future. Here we neglect the complicated
depolarization effect from our Galaxy (Sokoloff et al. 1998).
2.4. Turbulence-induced Circular Polarization
The intrinsic circular polarization cannot be generated by the former magnetic field
topology in Section 2.2. However, if the jitter photons are scattered with those magnetized
clumps in the turbulent slab, the nonzero variance of the Stokes parameter V can be pro-
duced. This slab can be treated as a birefringence. Here we consider those clumps as the
coherent patches with a size of rdiff , which are within a refractive slab with a size of rref
(Macquart & Melrose 2000b). Then the stochastic variance of the Stokes parameter V0 is
presented as 〈V 20 〉 ∼ D(rref)〈I0〉2, where the structure function is D(rref) = α2(rref/rdiff)ζp .
In the synchrotron radiation case, we have α = νB cos θ/ν, where νB is the electron cyclotron
radius and θ is the angle between the magnetic field and the electron moving direction. In
our model, we use the jitter radiation instead of the synchrotron radiation to produce the
polarization features. Therefore we take the plasma frequency 2piωpe instead of νB cos θ to
calculate α, and we present the stochastic circular polarization as
〈V 20 〉
〈I0〉2 = α
2(
rref
rdiff
)ζp . (9)
Here we take the refractive length scale rref as the size of the turbulent slab, which can roughly
correspond to the GRB fireball radius R. The diffractive length scale rdiff corresponds
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to the scattering scale, which is less than the thickness of the fireball ∆R. We estimate
rdiff = ∆R/Γt, where Γt is the bulk Lorentz factor of the turbulence. With the relation
∆R/R = 1/Γ2sh of the relativistic fireball model (Blandford & McKee 1976; Piran 1999), we
obtain √
〈V 20 〉
〈I0〉2 =
2piωpe
νobs
Γ
ζp/2
t Γ
ζp
sh, (10)
where ωpe = (4pie
2n/Γshme)
1/2. In the soft X-ray band, we obtain the stochastic circular
polarization as√
〈V 20 〉
〈I0〉2 = 2.6× 10
−6(
n
3.0× 1010 cm−3 )
1/2(
νobs(1 + z)
1.0 keV
)−1Γζp/2t Γ
(ζp−1/2)
sh . (11)
If we take Γt = 10, Γsh = 50 (the internal shock case treated as the tail of the GRB prompt
emission), ζp = 2.0, and z = 0, we obtain a number of about 1.0%. Although it is necessary to
use the sensitive polarimeters to detect these weak signals, it seems that the soft X-ray GRB
circular polarization is not negligible. We can also obtain the stochastic circular polarization
in the optical band as√
〈V 20 〉
〈I0〉2 = 2.0× 10
−4(
n
3.0× 1010 cm−3 )
1/2(
λobs,R/(1 + z)
6400 A˚
)Γ
ζp/2
t Γ
(ζp−1/2)
sh . (12)
If we take Γt = 10, Γsh = 10 (the external/reverse shock case), ζp = 2.0 and z = 0, we obtain
a number of about 6.3%, which can be effectively detected by the optical polarimeters.
Because the stochastic circular polarization is induced by the turbulence, the high-degree
circular polarization is originated from the large number of Γt. We see that a steep GRB
spectrum produced by a steep turbulent energy spectrum can make strong stochastic circular
polarization. We adopt the physical concept of the turbulent screen given by Macquart &
Melrose (2000b), and we note the dense medium compressed by the relativistic shocks in the
slab have a larger number density than the normal interstellar medium. If a large number
density and a strong turbulence with a steep power-law energy spectrum are given, the
stochastic circular polarization may be effectively detected. Thus the polarization degree
predicted in our model can be much larger than that obtained from the interstellar medium
scintillation in GRB host galaxies. In our model, the stochastic circular polarization is not
related to the view angle θB, and we caution that the circular polarization degree is strongly
dependent on the fireball dynamical factor Γsh.
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2.5. Radiation Transfer Processes
The GRB optical photons can be strongly absorbed by the dense medium in the slab. In
order to provide the realistic polarization degrees of the GRB afterglow and compare with the
observational data, it is necessary to calculate the absorbed Stokes parameters. In principle,
we should solve the radiation transfer equation, and two aspects are included. One aspect is
on the absorption term, and the other is on the Faraday rotation/conversion terms. In our
model, the intrinsic linear polarization can be produced in a certain magnetic field topology,
and the circular polarization is originated from the scattering with the magnetic clumps in
the turbulent slab. Because the stochastic Faraday RM effect is accounted for the circular
polarization, we only consider the absorption term in the radiation transfer equation, and
we neglect the rotativity and convertibility (“crosstalk”) terms during the radiation transfer
process.
One complete presentation of the radiation transfer processes is given in Appendix B.
Here we write three equations for the Stokes parameters, in which only the absorption effect
is considered:
dI
dτ
= −I − kQ
kI
Q− kV
kI
V, (13)
dQ
dτ
= −kQ
kI
I −Q, (14)
and
dV
dτ
= −kV
kI
I − V, (15)
where dτ = kIdl is the optical depth of the absorption, and kI , kQ, and kV are the absorption
coefficients given in Appendix B. We can solve these equations and obtain
I = C2exp[−(1−
√
(k2Q + k
2
V )/k
2
I )τ ] + C3exp[−(1 +
√
(k2Q + k
2
V )/k
2
I )τ ], (16)
Q = C1exp(−τ)− C2 kQ√
k2Q + k
2
V
exp[−(1−
√
(k2Q + k
2
V )/k
2
I )τ ]
+C3
kQ√
k2Q + k
2
V
exp[−(1 +
√
(k2Q + k
2
V )/k
2
I )τ ], (17)
and
V = −C1kQ
kV
exp(−τ)− C2 kV√
k2Q + k
2
V
exp[−(1−
√
(k2Q + k
2
V )/k
2
I )τ ]
+C3
kV√
k2Q + k
2
V
exp[−(1 +
√
(k2Q + k
2
V /k
2
I )τ ], (18)
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where
C2 =
1
2
I0 − kQQ0 + kV V0
2
√
k2Q + k
2
V
, C1 =
kQ√
k2Q + k
2
V
(2C2 − I0) +Q0, and C3 = I0 − C2. (19)
Thus the linear polarization Πl = Q/I and the circular polarization Πc = V/I can be
determined. The polarization angle is also dependent on the absorption coefficients, as
described in Appendix B.
We can further calculate a ratio between the circular polarization and the linear polar-
ization. This ratio, derived from Equations (16)-(18), is not related to the optical depth.
We plot the ratio as a function of the view angle θB in Figure 2. If the view angle θB is less
than about 70◦, the circular polarization is weaker than the linear polarization. However,
the circular polarization can be stronger than the linear polarization if the view angle θB is
larger than 70◦. In the latter case, from the observational point of view, both the circular
polarization and the linear polarization may be very weak. Thus some precise examinations
from a sensitive optical polarimeter are necessary to constrain our results.
3. Case Studies: GRB 091018, GRB 121024A, and GRB 131030A
We qualitatively examine three cases of the optical/infrared GRB polarization in this
Section. Many high-quality data of GRB 091018 were given, and the detections of both
the linear polarization and the circular polarization were performed (Wiersema et al. 2012).
The linear polarization and circular polarization results of GRB 121024A were also found
by Wiersema et al. (2014). The linear polarization of GRB 131030A was considered as an
origin of some disordered magnetic fields with the reverse shock (King et al. 2014).
The observational polarization properties of GRB 091018 were presented in detail by
Wiersema et al. (2012). The linear polarization degree in the R-band is about 1.4%, and the
combined linear polarization degree in the Ks-band is 2%. The spectral index in the optical
band is β = 0.58, providing ζp = β + 1 = 1.58 in our model. The depolarization feature
derived in our model provides Πl(Ks)/Πl(R) = (λKs/λR)
−4/1.58 = 0.04, much smaller than
the observational one1. However, we note that the observational polarization degree in the
Ks-band is a combined number, as the source in the Ks-band is fairly faint. This prevents
us from further investigations. On the other hand, in our model, the circular polarization is
1We cannot exclude some more complicated cases: twisted magnetic fields make a polarization increasing
with wavelength (Sokoloff et al. 1998), and/or depolarization can be originated from magnetohydrodynamic
turbulence (Eilek 1989).
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strongly dependent on the ionized plasma density n, which is quite uncertain. Here we assume
that the medium can be fully ionized by the shock collision/propagation and its density can
be viewed as a lower-limit of the plasma density affected on the circular polarization. The
column density of the medium is NH = 1.8 × 1021AV cm−2, and RV = AV /E(B − V ).
Here, AV and E(B − V ) are the intrinsic absorption from the materials in the slab and
Rv = 3.1. For the case of GRB 091018, the intrinsic extinction from the observation is
E(B−V ) = 0.024, and the hydrogen column density is NH = 1.3× 1020 cm−2. If we assume
the plasma density n ∼ nH, and we take the thickness of a fireball shell as the absorption
length scale of about 1.0 × 109 cm, we roughly estimate n ∼ 1.3 × 1011 cm−3. Finally, we
predict the intrinsically stochastic circular polarization degree from Equation (12) as 1.6%
when we adopt Γsh = 10.0 and Γt = 10.0. However, the observation only provides an upper
limit of 0.15%. Therefore, for this GRB, it is difficult to have any reliable conclusion from
our model.
The detections of the linear polarization (4% degree) and the circular polarization (0.6%
degree) in GRB 121024A have been carried out in the optical band (Wiersema et al. 2014).
The X-ray to optical power-law spectrum provide a spectral index of β = 0.88, corresponding
to the index of turbulent energy spectrum of ζp = β + 1 = 1.88 in our model. The intrinsic
absorption from the X-ray to optical spectral energy distribution is AV = 0.22, corresponding
to a hydrogen column density of NH = 4.0 × 1020 cm−2. If we take the absorption length
scale of about 1.0× 109 cm, we obtain n ∼ nH ∼ 4.0× 1011 cm−3. We apply Equation (12)
with Γsh = 10.0 and Γt = 10.0, and the intrinsically stochastic circular polarization degree
can be 4.6%. From our model, the ratio between the circular polarization and the linear
polarization is not related to the optical depth of the absorption. Thus, from the lower-right
panel in Figure 2, we can constrain the view angle as θB ∼ 40◦. If we consider both the
waveband depolarization and the strong absorption of the dense medium as τ ∼ 0.5, we
may roughly reproduce the observational numbers of the linear polarization degree and the
circular polarization degree. It seems that it will be possible to explain the observational
polarization features of GRB 121024A with our model.
The low-degree (2.1%) linear polarization of GRB 131030A has been suggested as an ori-
gin of some disordered magnetic fields from the plasma instability in the ambient interstellar
medium (King et al. 2014). The magnetic fields and the related polarization induced by the
Weibel instability were given by Medvedev & Loeb (1999). If the disordered magnetic fields
are considered, the jitter radiation should be applied. In our model, the special magnetic
field topology provides the possibility to intrinsically reproduce either the high-degree or
the low-degree linear polarization, while another possibility is that the intrinsic high-degree
linear polarization is strongly depolarized and heavily absorbed by the dense medium. Here
we do not have the X-ray to optical spectrum. The photon index and the intrinsic column
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density (at z = 1.293) from the X-ray spectrum2 are Γx = 1.93 and NH,X = 4.2× 1021 cm−2,
respectively. It seems that the depolarization and the absorption cannot be easily neglected.
However, we have no multi-wavelength spectrum to further constrain our model, and we
cannot obtain any reliable conclusion for GRB 131030A.
4. Discussion and Conclusions
Turbulence is a key point in our model. A three-dimensional magnetic cube can be com-
pressed as a two-dimensional slab by the relativistic shocks. This topology of the random
magnetic fields provides the jitter radiation properties. The turbulence not only induces the
random and small-scale magnetic fields, but also provides a structured RM in this plasma
screen. Thus the wavelength-dependent depolarization and the stochastic circular polariza-
tion are produced. We also speculate that the time-variable linear polarization observed in
the high-energy and optical bands (Greiner et al. 2003; Go¨tz et al. 2009; Yonetoku et al.
2011; Wiersema et al. 2012; Mundell et al. 2003) may be originated from the turbulence.
Several instances of progress have been noted in recent years. The turbulent microphysics
can be estimated (see Lemoine (2013) and references therein), and the relativistic turbulence
has the same spectral and intermittency properties of the non-relativistic turbulence (Zrake
& MacFadyen 2012). The radiation with Langmuir turbulence can be numerically examined
(Teraki & Takahara 2013). Some observational pulses with the short-timescale variances
shown in the Swift-BAT GRB lightcurves indicate the turbulence feature (Bhatt & Bhat-
tacharyya 2012). Thus the stochastic magnetic field (Laing 1980, 2002) and the turbulent
birefringence (Macquart & Melrose 2000a,b) can be naturally employed in our model. All of
these physics points, such as shocks, turbulence, jitter radiation, depolarization, and radia-
tion transfer, are self-consistent in our framework. We note that the physical scenario in this
paper could be also applied in the polarization study of blazars (Mead et al. 1990; Ikejiri et
al. 2011; Chakraborty et al. 2015; Covino et al. 2015) and fast radio bursts (FRBs; Lorimer
et al. 2007; Petroff et al. 2015; Chatterjee et al. 2017). For example, if the conversion
terms in the radiation transfer equation are considered in the three-dimensional blazar jet,
we expect an extra circular polarization as the jet propagates. The emission terms in the
radiation transfer equation are also important for the blazar jet. These possibilities are real-
ized recently by some numerical tests (MacDonald & Marscher 2017). The three-dimensional
model of the time-dependent jitter polarization and radiation transfer can be improved in
the future.
2http://www.swift.ac.uk/xrt−spectra/00576238/
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One may infer that the low-degree linear polarization in some optical observations can
reveal some features of the disordered magnetic fields (Gruzinov & Waxman 1999; King
et al. 2014; Wiersema et al. 2014). In our model, the jitter radiation can produce either
the high-degree or the low-degree linear polarizations in the optical band. The stochastic
circular polarization of at least a few percent can be produced by the jitter radiation as
well if the shock-swept turbulent plasmas are dense. Moreover, reverse shock (Me´sza´ros &
Rees 1999; Sari & Piran 1999; Kobayashi 2000; Fan et al. 2002; Zhang et al. 2003) has been
proposed for the early brightening of a GRB afterglow, and it may take effects on the optical
and radio polarizations (Granot & Taylor 2005; King et al. 2014). Here we suggest that
the reverse shock may make strong ionization, naturally produce strong turbulence, and
effectively pile up materials. Therefore the reverse shock can produce the strong circular
polarization accompanied by the linear polarization in the optical, infrared, and radio bands,
although these polarized photons may suffer a strong absorption.
The relativistic electron radiation in the stochastic magnetic fields is treated by the
jitter mechanism in our model. With the certain magnetic field topology, either the high-
degree or the low-degree intrinsic linear polarization can be reproduced. Thus we can explain
the high-degree linear polarization in the high-energy band. Some ongoing and future high-
energy polarimeters, such as POLAR (Orsi 2012), ASTROSAT (Paul 2013), TSUBAME
(Yatsu et al. 2014), HARPO (Wang et al. 2015), and polSTAR (Krawczynski et al. 2016),
can effectively identify some polarized GRBs. We also expect that the optical and radio
polarization detections at different wavelengths can directly examine the GRB depolariza-
tion effect. GRBs alerted with the initial optical counterparts by Swift are considered as
good candidates for the optical polarization detections (e.g., GRB 060418, GRB 090102,
GRB 091018, GRB 091208B, GRB 110205A, GRB 120308A, GRB 131030A, etc.), because
optically bright sources are efficient to perform the polarization measurements from the ob-
servational point of view. In particular, the radio observations are relatively rare for the
examination of the GRB polarization properties. An upper limit of the linear polarization
of about 2% in the radio band was set for GRB 030329 (Taylor et al. 2005). The parameters
of the circular polarization presented in our model, such as the number density of plasma,
Lorentz factors of shock and turbulence, and absorption coefficient, can be further con-
strained by the radio observations. The circular polarization measurements of GRB 030329
in the radio band were performed by Finkelstein et al. (2004). However, the measurement
errors of the circular polarizations were very large. Thus more radio polarization measure-
ments are strongly suggested. Moreover, we also suggest simultaneously multi-wavelength
polarization measurements in the future to enhance the study of GRB physics. We hope
that our results and expectations in this paper can be helpful for more kinds of polarization
observations.
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A. Wavelength-dependent Depolarization
We apply the calculation processes of Tribble (1991) to derive the depolarization prop-
erties if the polarization RM is dominated by the turbulent cascade. Although the original
calculation was for radio observations, the derived RM structure function and the long-
wavelength approximation are valid in our purpose. The polarization distribution with the
telescope beam is
Π(x0, λ) =
∫
W (x0 − x)(x)exp(2iRM(x)λ2 + 2iθ(x))d2x, (A1)
where W (x) is the telescope beam function, (x) is the polarized intensity, and θ(x) is the
initial position angle. We obtain
〈|Π(λ)|2〉 =
∫
R(s)ξ(s)d2s, (A2)
where
R(s) =
∫
W (x)W (x + s)d2x, (A3)
and
ξ(s) = ξf (s, λ)ξ(s)ξθ(s), (A4)
if the emissivity and the angle are not correlated. We have ξ(s) = 〈(x)(x + s)〉 and
ξθ(s, λ) = exp(−2〈[θ(x)− θ(x + s)]2〉). Here we do not resolve filamentary structures on the
small scale, and the intrinsic polarization angle is assumed to be constant. Thus we simply
neglect the effect of ξ and ξθ. Then, we have only the effect of ξf (s), which can be presented
as
ξf (s, λ) = 〈exp[2iRM(x)λ2 − 2iRM(x + s)λ2]〉 = exp[−2λ4D(s)], (A5)
where D(s) = 〈[RM(x + s)−RM(x)]2〉 is the RM structure function. In our case, we have
the turbulence in the small scales so that we present
D(s) = 2σ2[(s2 + r20)/r
2
1]
ζp/2 ≈ 2σ2(s/r1)ζp (A6)
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in the case of s r0, where σ is the dispersion of Gaussian random field in the RM, and r1 is
the outer scale of the turbulence. If we assume the telescope beam has a Gaussian function
as
W (x) =
1
pit2
exp(−|x|2/t2), (A7)
where t has the relation of w = 2t
√
ln2, we obtain
R(s) =
1
pi2t4
∫
exp(−|x|2/t2)exp(−|x + s|2/t2)d2x = 1
2pit
exp(−|s|2/2t2). (A8)
Therefore, we derive
〈|Π(λ)|2〉 =
∫
R(s)exp(−2λ4D(s))d2s ≈ R(0)
∫
exp[−2λ4σ2(s/r1)ζp ]2pisds. (A9)
Finally we obtain
〈|Π(λ)|2〉 = r
2
1
t2
Γ(2/ζp)
ζp
(4σ2λ4)−2/ζp . (A10)
We clearly see that Π(λ) ∝ λ−4/ζp , and ζp is the index of a turbulent energy spectrum.
B. Absorption coefficients of Jitter Radiation and Radiation Transfer
Equation
The absorption coefficient in general can be calculated as (Rybicki & Lightman 1979;
Workman et al. 2008)
kν = − c
2
8piν2
∫
Iω(ν, E)E
2 ∂
∂E
[
Ne(E)
E2
]dE = − 1
8pim0ν2
∫
Iω(ν, γ)γ
2 ∂
∂γ
[
Ne(γ)
γ2
]dγ, (B1)
where Ne is the electron energy distribution. We can obtain the jitter intensity Iω from
Equation (1) in Section 2.1. Electrons are accelerated to have a power-law energy spectrum
by the diffusive shock acceleration. Turbulence can generate magnetic fields and accelerate
electrons. Then the electron energy distribution shows a Maxwellian shape (Stawarz &
Petrosian 2008). Thus the final electron energy distribution presents a shape of (Stawarz &
Petrosian 2008; Giannios & Spitkovsky 2009)
Ne(γ) =
{
Ceγ
2exp(γ/Θ)/2Θ3, γ ≤ γth,
Ceγ
2
thexp(γth/Θ)(γ/γth)
−pe/2Θ3, γ > γth,
(B2)
where Ce is a constant, and pe is the power-law index of the electron energy distribution.
Because a non-thermal distribution is for a fraction of electrons, we take characteristic tem-
perature Θ = kT/mec
2 ∼ 200. In our calculation, we adopt γmin = 100, γth = 103, and
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pe = 2.2. For example, if we take the R-band observation where the observational wave-
length is λ = 6400A˚ and a single electron radiation intensity Iω = 3.1× 10−11 erg Hz−1 s−1,
with the electron density of Ce = 10.0 cm
−3 and the absorption length of ls ∼ ∆R ∼ 1.0×109
cm, the absorption optical depth is τ = 0.22. However, we simply take the optical depth τ
as a free parameter in the radiation transfer calculation, and τ < 1 is for the optical-thin
case.
We have the Stokes parameters of the single electron jitter radiation presented in Sec-
tion 2.2 as: I = C
∫ 2pi
0
(cos2 φ sin2 θB + sin
2 φ)dφ, Q = Icos2χ = −C ∫ 2pi
0
(cos2 φ sin2 θB −
sin2 φ)dφ, and U = 0, where C = C(γ,B0). We can also obtain
√〈V 2〉 from Section 2.4.
Thus we obtain the absorption coefficients of the Stokes parameters from Equation (B1)
as kI = A(γ,B0)
∫ 2pi
0
(cos2 φ sin2 θB + sin
2 φ)dφ/8pim0ν
2, kQ = A(γ,B0)
∫ 2pi
0
(cos2 φ sin2 θB −
sin2 φ)dφ/8pim0ν
2, kU = 0, and kV = A(γ,B0)(rref/rdiff)
ζp/2α
∫ 2pi
0
(cos2 φ sin2 θB+sin
2 φ)dφ/8pim0ν
2.
Finally, the ratios of kQ/kI , kV /kI , and kV /kQ are not related to A(γ,B0).
We present the radiation transfer equation of the polarization as (Sazonov 1969a,b;
Jones & O’Dell 1977; Matsumiya & Ioka 2003; Sagiv etal. 2004; Toma et al. 2008)
d/dl + kI kQ 0 kV
kQ d/dl + kI k
∗
V 0
0 −k∗V d/ds+ kI k∗Q
kV 0 −k∗Q d/ds+ kI


I
Q
U
V
 =

ηI
ηQ
ηU
ηV
 . (B3)
The polarization angle defined by tan2χ = (U/Q) is also dependent on the absorption
coefficients, and it can be calculated in general. In our model, we do not have any additional
emissions from the dense medium in the turbulent slab. Thus the emission coefficients of ηI ,
ηQ, ηU , and ηV can be zero. Here we only take the absorption effect. Thus the rotativity
k∗V = 0 and convertibility k
∗
Q = 0. We also take U = 0. Finally, the Equation (B3) can be
written as
d/dl + kI kQ 0 kV
kQ d/dl + kI 0 0
0 0 d/ds+ kI 0
kV 0 0 d/ds+ kI


I
Q
0
V
 =

0
0
0
0
 . (B4)
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Fig. 1.— Illustration of GRB polarization in our model. Left panel: a carton of a zoom-
in turbulent slab. A three-dimensional cube near GRB central engine is compressed to a
two-dimensional slab. The thickness of this slab ∆R is much smaller than the radius of the
fireball R. The random and small-scale magnetic fields are generated by the turbulence in
this slab. Linearly polarized jitter photons are produced in the turbulent magnetic clumps.
In the meanwhile, the jitter photons scatter with those clumps, which have the diffractive
scale rdiff . The turbulent slab can be treated as a birefringence with a size of rdef ∼ R. Thus
the stochastic circular polarization can be produced. The dense medium inside this slab can
further absorb the polarized photons. Right panel: an observer can detect the polarized GRB
photons through the line-of-sight (Z-axis), which has the view angle of θB to the slab plane
(X′-Y plane). The magnetic field B is inside the slab plane. Thus we have BX′ = B0cosφ
and BY = B0sinφ, where φ is the azimuthal angle at any point randomly distributed in the
slab plane. B⊥ = (BX,BY), which takes effect on the jitter radiation, is in the X-Y plane,
and we obtain BX = BX′sinθB. Finally we obtain BX = B0cosφsinθB and BY = B0sinφ.
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Fig. 2.— Polarization degree as a function of θB. Upper-left panel: the wavelength-
dependent depolarization Π ∝ λ−4/ζp . Here we take ζp = β + 1 = 1.88, as the spectral
index β = 0.88 of GRB 121024A, determined by Wiersema et al. (2014). Upper-right panel:
the linear polarization with the different absorption optical depth. Lower-left panel: the
circular polarization with the different absorption optical depth. The results are obtained
by the following parameters: Γsh = 10, Γt = 10, and n = 4.0 × 1011 cm−3. The spectral
index β = 0.88 of GRB 121024A (Wiersema et al. 2014) is also adopted in the calculation.
Lower-right panel: the ratio between the circular polarization and the linear polarization.
This parameter is independent of the absorption optical depth.
